The surface plasmon in simple metal clusters is red-shifted from the Mie frequency, the energy shift being significantly larger than the usual spill-out correction. Here we develop a variational approach to the RPA collective excitations. Using a simple trial form, we obtain analytic expressions for the energy shift beyond the spill-out contribution. We find that the additional red shift is proportional to the spill-out correction and can have the same order of magnitude.
I. INTRODUCTION
Simple metal clusters exhibit a strong peak in their optical response that corresponds to a collective oscillation of the valence electrons with respect to a neutralizing positively charged background. Classically, the frequency of the oscillation is given by the Mie resonance formula [1, 2] ,
where n is the density of a homogeneous electron gas. Quantum finite size effects lead to a red shift of this frequency as well as to a redistribution of the oscillator strength (f ) into closely lying dipole states. Moments of the oscillator strength distribution M k = i ω k−1 i f i provide useful information. The first moment M 1 , which measures the integral of the fdistribution, equals the number of electrons (Thomas-Reiche-Kuhn sum rule). The mean square frequency ω 2 = M 3 /M 1 is given by the overlap integral of the positive ionic charge distribution and the exact ground state electronic density [2] . Within an ionic background approximated by a jellium sphere, the mean square frequency is thus exactly related to the square Mie frequency by
where ∆N/N is the fraction of electrons in the ground state that is outside the jellium sphere radius. We called the corresponding energy shift ∆ω so ("spill-out"):
The actual red shifts are considerably larger than this. For sake of illustrating the discussion let us consider the sodium cluster Na + 21 for which detailed photoabsorption data is available [3] [4] [5] [6] [7] . The Mie frequency is at 3.5 eV, taking the density corresponding to r s = 3.93 a.u., while the measured resonance is a peak 2.65 eV having width of about 0.3 eV (FWHM).
Thus there is a red shift of 24%, which may be compared with a 9% red shift predicted by eq. (3) using jellium wave functions. To a large extent clusters with a "magic" number of valence electrons behave optically as close shell spherical jellium spheres. The experimental photoabsorption spectra for these clusters are well described within the linear response theory using either the time-dependent local-density approximation (TDLDA) [8] [9] [10] or the random phase approximation with exact exchange (RPAE) [11, 12] . Red shifts of 14% and 18% are predicted by time-dependent density functional theory [13] and by the random phase approximation [11, 12] , respectively. The oscillator strength distributions in the RPA calculations are typically dominated by a few close states that exhaust almost all of the sum rule. It is this concentration of strength, which we can identify as a dipole surface plasmon, that will be of interest in this paper. It is worth of note that singling out a collective state is not always possible even in small clusters. Whenever the collective state lies within a region of high level density, there is a strong fragmentation into p-h states (Landau damping) and several excited states may share evenly the strength. We will deal with this problem of the definition of the collective state later by proposing a model in which there is no particle-hole fragmentation.
Anharmonic effects in metallic clusters were studied recently by Gerchikov, et al., [14] making use of a coordinate transformation to separate center of mass (c.m.) and intrinsic motion. The authors show that in absence of coupling between c.m. motion and intrinsic excitations the surface plasmon associated with a jellium sphere has a single peak which is red-shifted with respect to the Mie frequency by the spill-out electrons, Eq. (3). Turning on the coupling yields a further red shift which indeed is larger in magnitude than the spill-out contribution. Concomitantly, there is a partial transfer of strength into states of higher energy preserving the sum rule, Eq. (2). The approach requires the spectrum of excitations in the intrinsic coordinates, which were obtained by projection on the computed wave functions of the numerical RPAE.
Another interesting approach to the coupling between the collective and noncollective degrees of freedom was developed by Kurasawa, et al., [15] , following the Tomonaga expansion of the Hamiltonian. The collective coordinate is taken as the cm coordinate, as in ref. [14] , and the coefficients of the harmonic terms in the Hamiltonian yield Eq. (2) In the present paper we wish to find an analytic estimate of the red shift, keep as far as possible the ordinary formulation of RPA, and not singling out a collective state in the Hamiltonian. Our approach will be a variational RPA theory, which we present in the next section. The rest of the paper is organized as follows. In Section III we apply the formalism to a system of interacting electrons. The model Hamiltonian describes interacting electrons confined in a pure harmonic potential, whereas the perturbation corrects for the jellium confinement. The model RPA solution is derived analytically and first and second order corrections of the frequency shift are given.
II. VARIATIONAL RPA
In this section, we establish our notation for the RPA theory of excitations and develop a variational expression for perturbations to the collective excitation frequency. The perturbation behaves somewhat differently in RPA than in conventional matrix Hamiltonians because the RPA operator is not Hermitean.
As usual, the starting point is a mean field theory whose ground state is represented by an orbital set φ i satisfying the orbital equations
where
The RPA equations are obtained by considering small deviations from the ground state,
Here x i , y i are vectors in whatever space (r-space,orbital occupation number,...) is used to represent φ i . The RPA equations can be expressed as
where the transition density δρ is defined by
and the symbol * denotes an operator or matrix multiplication. Eq. (6) represents linear eigenvalue problem for a nonhermitean operator R and the vector |z = (x 1 , y 1 , x 2 , y 2 , ...).
We will write the equations compactly as
For a nonhermitean operator, the adjoint vector z| is defined as the eigenvector of the adjoint equation, z|R = ω z|. From the symmetry of R it is easy to see that it is given by
We now ask how to construct a perturbation theory starting from the zero-order wave function |z 0 that is the solution of an unperturbed R 0 with eigenfrequency ω 0 . If we had the complete spectrum of R 0 , the perturbation series for R = R 0 + ∆R could be written down in the usual way,
etc. This is in fact what is done in ref. [14] . However, this requires diagonalizing R 0 which in general can only be done numerically.
Instead we shall estimate the energy perturbation using a variational expression for the frequency,
where |w is a vector to be specified later and λ is to be varied to minimize the expression.
Carrying out the variation and assuming that the perturbation is small, the value of λ at the minimum is given by
and the energy shift is
Here,
The next question is how to choose the perturbation |w . With ordinary Hamiltonians, one can construct a two-state perturbation theory using the vector obtained by applying ∆R to the unperturbed vector, |w = ∆R|z 0 . However, we will see in the next section that this fails completely for the RPA operator. Instead, we will find that an approximation that gives qualitatively acceptable results can be made by taking only the x-component of the vector defined by applying ∆R to |z 0 .
III. COLLECTIVE LIMIT OF THE SURFACE PLASMON
We apply the RPA variational perturbation theory derived in the previous section to the surface plasmon of small metal clusters. We write the single particle Hamiltonian as
where v * ρ 0 is the mean field potential,
Here v is the electron-electron interaction, which may contain an exchange-correlation contribution from density functional theory. In this paper, we throughout use the jellium model for the ionic background, and also assume that the ion and the electron densities are both spherical. ω 0 and ∆V (r) are then given by ω 0 = Ze 2 /mR 3 and
respectively, R being the sharp-cutoff radius for the ion distribution.
The RPA equations can be solved exactly for the Mie resonance if h is replaced by h 0 .
The solution is
associated with the eigenfrequency ω 0 . Notice that the eigenfrequency ω 0 is the same as the harmonic oscillation frequency in Eq. (11), agreeing with the Kohn's theorem [16] [17] [18] [19] [20] .
To prove that the collective solution (14) satisfies the RPA equation, we use the following identity which results from the Hartree-Fock equation,
HereÂ is any one body operator. This yields
In the last step, we used the fact that the interaction v is translationally invariant. Notice that the transition density is proportional to ∂ z ρ 0 for the collective solution (14) . The second term in Eq. (17) is thus exactly canceled by the residual interaction term in the RPA equations, proving that the collective ansatz (14) is indeed the eigenfunction of the RPA matrix R 0 with the eigenvalue ω 0 .
The familiar formula relating the red-shift to the electron spill-out probability can be recovered from the expectation value of the original RPA matrix,
However, the wave function z 0 must be taken with the collective ansatz applied to the Hamiltonian h. This is different from the z 0 defined in Eq. (14) , which was based on the Hamiltonian h 0 . In the following, we have no further use for the original z 0 and we will use the same name here. Applying the RPA operator R to z 0 , we find
where u is given by
The expectation value eq. (18) then reduces to
Eq. (21) is just the well-known spill-out formula, Eq. (3), to the first order in ∆N/N.
IV. EVALUATION OF THE INTEGRALS
We now consider the frequency shift in the second order perturbation. Obvious possibilities for the perturbation are w 0 ≡ (y, x) and u, but we find that neither produces a significant energy shift. The problem with u is that the x component is tied to the y component in Eq. (20) . In fact, the energetics are such the y perturbation is much less than the x perturbation. In order to avoid this undesirable feature, as we mentioned in Sec. II, we simply take the x component of u for the perturbation. That is, we use
for the |w in the variational formula (7) . With this perturbed wave function, after performing the angular integration, we find the three integrals in the formula to be
In deriving Eq. (26), we have used Eq. (19) . We also need to compute ũ|R|ũ in order to estimate the energy shift. Neglecting the residual interaction in the RPA operator R, this is expressed as
We use Eq. (15) to evaluate the action of the Hamiltonian h onto theũ. This yields
Notice that the first term vanishes for the jellium model (13) . We thus finally have
= − 1 2m
In order to get a simple analytic formula for the energy shift, we estimate Eqs. (24), (25), (26), and (30) assuming that the density ρ 0 in the surface region is given by
with κ 2 /2m = ǫ, where ǫ is the ionization energy. In order to simplify the algebra, we also expand ∆V and take the first term,
These approximations lead to the following analytic expressions,
Note that with the density (31) the spill-out electron number ∆N is given by ∆N = 4πA
Retaining only the leading order of 1/κR, we thus have 
Substituting these expressions into Eq. (9), we finally obtain
This is our main result. Note that the perturbation theory breaks down at ǫ = ω 0 /2. In realistic situations discussed in the next section, ǫ is always close to ω 0 , and the perturbation theory should work in principle.
V. NUMERICAL COMPARISON WITH THE RPA SOLUTIONS
To assess the reliability of the variational shifts, we have numerically solved the RPA equations for the jellium model, using the computer program JellyRpa [13] . A typical spectrum is shown in Fig. 1 . This represents Na 20 as a system of 20 electrons in a background spherical charge distribution with a density corresponding to r s = 3. The results of the numerical calculation with the full effect of the surface are shown in Fig. 2 as the solid line. The collective spill-out correction from Eq. (3) is also shown as the dotted line. One sees that the additional shift due to the wave function perturbation is comparable to the spill-out correction, and has a similar N-dependence. The shift given by the variational formula Eq. (9) is shown by the dashed line. The functional dependence predicted by the formula is confirmed by the numerical calculations, but the coefficient of N is too small by a factor of two or so.
VI. CONCLUDING REMARKS
We have developed a variational approach to treat perturbations to the collective RPA wave functions, and have applied it to the surface plasmon in small metal clusters. Our zeroth order solution is the same as that used by Gerchikov et al. [14] and Kurasawa et al. [15] . It corresponds to the center of mass motion, and is the exact RPA solution when the ionic background potential is a harmonic oscillator. The deviation of the background potential from the harmonic shape is responsible for the perturbation. The first order perturbation yields the well-known spill-out formula for the plasmon frequency, as was also shown in Refs. [14, 15] . The higher order corrections lead to the additional energy shift of the frequency [14] , the anharmonicity of the spectrum [14] , and the fragmentation of the strength [15] . Those effects were studied in Refs. [14, 15] by considering explicitly the couplings between the center of mass and the intrinsic motions. In this paper, we assumed some analytic form for the perturbation and determined its coefficient variationally. We found that this approach qualitatively accounts for the red shift of the collective frequency, but its magnitude came out too small by about a factor of two.
In order to have a more quantitative result, one would have to improve the variational wave function. An obvious way is to introduce more than one term. Our method may be viewed as the first iteration of any iterative method for RPA [21] [22] [23] . One may need more than one iteration to get a convergence and thus a sufficiently large energy shift.
Another possible way is to construct the perturbed wave function based on the local RPA.
The authors of Ref. [24] expanded the collective operator with local functions and solved a secular equation to determine the frequency. They showed that the expansion of the collective operator with three functions, r cos θ, r 3 cos θ, and r 5 cos θ, gives a satisfactory result for the collective frequency.
The method developed in this paper is general, and is not restricted to the surface plasmon in micro clusters. One interesting application may be to the giant dipole resonance in atomic nuclei. In heavy nuclei, the mass dependence of the isovector dipole frequency deviates from the prediction of the Goldhaber-Teller model, that is based on a simple c.m.
motion [25, 26] . The shift of collective frequency can be attributed to the effect of deviation of the mean-field potential from the harmonic oscillator, and a similar treatment as the present one is possible. 
